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Abstract
In this paper, we introduced the generalized BR — recurrent Finsler space, i.e.
characterized by the following condition

BiRixn = AnRixn + tm(87gkn — 6k9jn) + R =0
Where B,, is Berwald's covariant differential operator with respect to x™, 4,, and
WUm are known as recurrence vectors .
The purpose of the present paper to develop the above space by study the properties
of a P — reducible space and a R3 - like space, which their called a P — reducible ge
neralized BR —recurrent space and a R3 — like generalized BR — recurrent space,
respectively. Also to obtain different theorems for some tensors satisfy in above
spaces. Various identities are established in our spaces.

Keywords: a P — reducible generalized BR —recurrent space and aR3— like
generalized BR — recurrent space.

1. Introduction
R. Verma [7] obtained the condition of a P — reducible R" — recurrent space
be a necessarily a Landsberg space.

* In Rund's book, R}kh defined here, is defined by R,ilkj . This difference must be noted.

M. Matsumoto [5] showed that the curvature tensor R;j, of a three

dimensional Finsler space satisfies the condition
Rijkn = ik Lin + gjn Lic — k/h

and called it R3 — like Finsler space. Some properties of a R3 — like Finsler space
were studied by H. Izumi and T.N. Srivastava [3] by introducing the idea of
indicatorization. M. Yoshida [6] also discussed a R3 — like Finsler space and its
special cases.

Let F, be an n — dimensional Finsler space equipped with the metric function
F(x,y) satisfying the request conditions [2] .
The vector y; is defined by
(1.1) yi = gij(x,¥)y’
The two sets of quantities g;; and its associativeg” , which are components of a
metric tensor connected by

, 1if j=k,
(1.2 9y9" =9 {0 if j*k.
In view of (1.1) an_d (1.2), we have ' _
(1.3) a) §igir=9g;r , b) &y =y and  ¢) & yi=y;.

The tensor C;j is defined by
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1.
Cijk =5 0kgij

which is positively homogeneous of degree -1 in y* and symmetric in all its indices

and called (h)hv- tor5|on tensor [4] and its associative C;, is positively homogeneous

of degree -1 in y* and symmetric in its lower indices and called (v)hv- torsion tensor.

According to Euler’s theorem on homogeneous functions, these tensors satisty the
following:

(1.4) a) Cijk)fl = Crijy' = Criy' =0 and b) C]kyj =0=C}; vy
(1.5) Q) 9ijCin = Cijn and b) Cj 8k =Ch.
Berwald covariant derivative Biji of an arbitrary tensor field T}‘ with respect to x*
is given by

By T} = 0, T} — (0,Tf)G}, + T/ Gl — TF G,
Berwald covarlant derivative of the vector y* vanish identically, i.e.
(1.6) Bey' =0
In general, Berwald covariant derivative of the metric tensor g;; doesn't vanish and
given by

(1.7) Bigij = —2Cijipy" = =2y "BuCijy. -
The tensor leh is called Cartan’s third curvature tensor is defined by
R}, W+ (0T)Gh + Cl(0k Gl — GIIGE) + T i — k/h ™
Ricci tensor Rjk of the curvature tensor jkh is given by
(1.8) Rjxi = R -
The associative curvature tensor R, i, satisfies
(1.9) Rpjkh = 9piRjkn -

The tensor ]kh is called Cartan's is fourth curvature tensor defined as follows:

K]kh_ah L+ (015G + Tla e — h/k

This curvature tensor Kj,, is positively homogeneous of degree zero in y ' and skew-
symmetric in its last two lower indices.
Ricci tensor K, of the curvature tensor Kkh is given by

(1.10) i = Kine

- h /k means the subtraction from the former term by interchanging the indices hand k .
The associative curvature tensor K, ., satisfies

(1.11) Kpjkn = gpiK;kh :

We know that [2]

(1.12) ikn = Kikn + C sHin
and

(1.13) Rijkn = Kijkn + CijsKicp, -

The curvature tensor Rikh and the h(v) torsion tensor H_, are connected by

(1.14) lehy = Hkh = Kkhy .
The hv- curvature tensor P : jkn 1S positively homogeneous of degree zero iny*and
satisfies the relation

(1.15) P}khyj = F;{]i'kyj = Plih = Crimryr-
The curvature vector Py, is given by
(1.16) P, =Py.
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2. A Generalized BR — Recurrent Space
_ Let us consider a Finsler space F, for which Cartan's third curvature tensor
Rj, satisfies the generalized recurrence property with respect to Berwald's

connection parameter G}, , i.e. characterized by the following condition

(2.1) BiuRixn = AmRikn + Um(87gkn — 8k9n) +  Rjgn =0,
where B,, is Berwald's covariant differential operator with respect to x™, 4,, and
U, are called recurrence vectors .

Definition 2.1. A Finsler space F, for which Cartan's third curvature tensor R}kh
satisfies the condition (2.1), where A,, and u,, are non-zero covariant vectors field.
Such space and the tensor which satisfy the condition (2.1) will celled a generalized
BR —recurrent space and a generalized B — recurrent tensor, respectively and

denoted them briefly by G(BR) — RF, and GB — R , respectively .
Transvecting the condition

(22) BnPfen = AmPlien + m (8] Gin = 8kgjn) {217,113
by y/ using (1.15), (1.6), (1.3b) and (1.1), we get
(2.3) BnPin = AnPin + thm(¥'grn — Siyn) -
Contracting the indices i and h in the condition (2.3), using (1.16), (1.1) and (1.3c),
we get

Transvecting the condition (2.1) by y/ , using (1.14), (1.6), (1.3b) and (1.1), we get
(2.5) BnHin = AmHin + tin (Y gin — 6in) -

The curvature tensors R}, and K}, are related by the formula (1.12) [2] .
Taking the covariant derivative for (1.12) with respect to x™ in the sense of Berwald,

we get

(2.6) BmRikn = BmKjkn + (BmCir)Hin + Ci (BinHpp) -
Using the conditiqns (2.1) and'(2.5) in (2.6), we get '

(2.7) AmRjxn + tm(8;gkn — 0k gjn) = BmKjpn +

(Bmcjir)Hlth-"Cji [ AmHin + tm (Y Grn — Skyn) ] -
Using (1.12), (1.4b) and (1.5b) in (2.7), we get

(2.8) BmK;kh = /1ijfkh + #m(5jigkh — 8kgjn) — (BijiT)HI:h +
tmCirYn -

This shows that ' _ '

(2.9) BnKjkn = AmKjin + .Um(5jlgkh — 819jn)

if and only if

(2.10) (Bijlr)HI:h - :umC}kyh =0.

3. P— Reducible — Generalized BR - Recurrent Space
A P — reducible space is characterized by the condition [(3.1)
1
Pikn = — (Pjhyen, + Pichpj + Prhyic)
Where ijh = C]'kh|mym , Pilk = Pk and hl] =i — lll] .

Definition 3.1. The generalized BR — recurrent space which is a P — reducible space
[ satisfies the condition (3.1) ], will be called a P — reducible generalized BR —
recurrent space and will denote it briefly by P — reducible — G(BR) — RE, .

Let us consider a P — reducible — G(BR) — RF,, .
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By using (1.9) and (1.5a) in (1.13), we get

(3.2) Kijkn = grlekh geringgh .
Taking the covariant derivative for (3.2) with respect to x™ in the sense of Berwald,
we get
B Kijkn = Bm(9rjRixn) — Bm(9grjCisHin)
or
(3.3) BmKijkh = erkthgrj + gerlerkh Cis Hkthgr] germCZqugh .

Using (1.7) and the condition (2.1) in (3.3), we get
BmKijin = Rien(=2C, jmny™) + grjl AmRixn + #m (87 Gren —
8k 9in) 1 = ClsHn (=2C jmny™) — GrjBmCisHin -
or
(3.4) BmKijin = (Rign — ClsHign) (=2Cr jmny™) + AmGrjRixn +
ngrj(6{gkh 6kglh) gr]B Cerh
Using (1.12) and the condition (3.1) in (3 4), we get
(3.5) BmKijkh = lkh [ (P h]m + P; hmr + P hr]) ] + Amgr](

CirsHkh)'|'limgr1(<S in — 01 Gin) — GriBmClsHip, -
This shows that

(3.6) B (CisHin) = Am(CisHin) + tm (67 Gren — 0k Jin)
if and only if
(3-7) B Kl]kh K [Amgrj - ﬁ(Prhjm + Pjhmr + thrj)] )

since g,; # 0.
Thus, we conclude

Theorem 3.1. In P —reducible — G(BR) — RF, , the tensor (C/.Hjy) is a
generalized recurrent if and only if (3.7) holds good .
By using (1.11), (1.5a), (1. 3a) and (1.7) in (3.5), we get
(3.8) BmKijin = — Kin (Brhjm + Pihony + Prhyj) + A (Kijin +
Cl]SHkh) + .um(gl]gkh - gkjgih) - BmCijsHkh -
2 (C Hkh)erm|hy )
where  Pyjp, = rjmlhy .

Using (3.1) in (3.8), we get
(3.9) BnKijkn = n—__21 (Kl + CLHi) (Brhym + PRy + Prhyj) +
Am (Kijin + CijsHign) + tim(gijGrn — 9rjGin) — BmCijsHip.
Using (1.12) in (3.9), we get
BmKijkh = lkh(P hjm + P hpr + P hr]) + Am(KL]kh +

Cl]SHkh) + .um(gl]gkh gk]glh) BmCl]sHkh :
This shows that

(3.10) By (CijsHin) = Am(CijsHin) + tim(9ijgxn — 9kjGin)
if and only if

2
(3-11) BmKijkh: AmKijkh I lkh(P hjm + P hmr + B hr])

Thus, we conclude

Theorem 3.2. In P —reducible — G(BR) —RE, , the tensor (CjsHgp) is
a generalized recurrent if and only if (3.11) holds good .
By using (1.11), the equation (3.7) becomes
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(3-12) BmKijkhz AmKijkh T h-1 i7;ch(Prhjm + Pjhmr + thrj)
This shows that

(3.13) BmKijkn= AmKijkn

if and only if

(3.14) K[kh(Prhjm + Pihyy + Bphyj) = 0.

Thus, we conclude

Theorem 3.3. In P — reducible — G(BR) — RF, , we have the identity (3.14) if and
only if the associative curvature tensor Kjjp, is recurrent .

Taking the covariant derivative for (3.1) with respect to x™ in the sense of Berwald,
we get

1
(315) Bijkh = E (hkthP] + hh]BmPk + h]kBmPh + Pijhkh +
PyBinhnj + PyBmhjx ) .
Using (2.4) in (3.15), we get
(316) B P = Am (Phkh+thh]+Ph ]k)+ (PB h'kh+
Py B by, +Ph hix ) -
Using (3.1) in (3.16), we get
BmI)jkh =A kh+ (PB hkh+PkB hh] +Ph h]k)
This shows that

(3.17) Bijkh = /1ijkh
if and only if

Thus, we conclude

Theorem 3.4. In P — reducible — G(BR) — RF, , we have the identity (3.18) if and
only if the associative torsion tensor P;, is recurrent .
Using the condition (3.1) in (3.11), we get
BinKijkn= AnKijkn — 2RixnPrjm -
This shows that

(3.19) BimKijkn= AmKijkn
if and only if
(3.20) —2Pj =0.

Thus, we conclude

Theorem 3.5. The P — reducible — G(BR) — RF, is Landsberg space if and only if
the associative curvature tensor K; ., is recurrent .

4. R3 — Like — Generalized BR — Recurrent Space
The curvature tensor R, 0f athree dimensional Finsler space of the form [5]

(4.1) Rijxn = Gik Lin + gjn L — k/h,
where
1
(4.2) Lie =73 ( Rix = = ik ) )
Rjk: = Rjy
and
(4.3) r=— Rl
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Definition 4.1. The generalized BR — recurrent space which is a R3 — Like space
[ satisfies the condition (4.1) ], will be called a R3 — Like generalized BR — recurrent
space and will denote it briefly by R3 — Like — G(BR) — RE, .
M. Matsumoto [5] introduced a Finsler space F, (n > 3) for the associative of
Cartan's second curvature tensor R, satisfies the above condition and called it R3 -
like Finsler space .

Let us consider a R3 — Like — G(BR) — RF,, .
Using (1.9) in the condition (4.1), we get
(4.4) 9rjRixn = Gix Lin+ gjn Lix —k/h .
Taking the covariant derivative for (4.4) with respect to x™ in the sense of Berwald
and using the condition (3.1), we get

(4-5) grj Blerkh + erkh Bmgrj = BmRijkh .

Using (1.12) in (4.5), we get

(4.6) 9rjl BmKfn + Bm(CL.H3n) | + Rin Bindrj = BmRijkn -

Using (2.9) in (4.6), we get

(4.7) Irjl AmKixn + 4m (8] gkn — 8k gin) 1 + GrjBm(Ci Hin) + Rixn BmIrj
= BmRijkn -

Using (1.12) and (1.9) in (4.7), we get

(4.8) [AmGrjRixn — AnGriCisHin + tmrj (8] Gien — S5 9in)] +

germclrs ih + Rirkh Bmgrj = germR{kh + Rirkthgrj .
This shows that

(4.9) B (CisHgn) = Am(CisHip)
if and only if
(4.10) BinRixn = AmRixn* tm (8] gin — Ok Gin) -

Thus, we conclude

Theorem 4.1. In R3 — Like — G(BR) — RF, , the tensor ( C/ Hj,) behaves as
recurrent if and only if the curvature tensor R, is generalized recurrent [ provided
(2.10) holds ] .
Using (1.11) in (1.13), we get
(4.11) Rijkn = grjKikn + CijsHip -
Taking the covariant derivative for (4.11) with respect to x™ in the sense of Berwald,
we get
(4-12) BmRijkh = germKiT;ch + Kﬁcthgrj + BmCijsHlih :
Using (2.9) in (4.12), we get
(4.13) BmRijkn = Grjl AmKign + tim (8] gkn — 6k 9in) 1 + Kiin Bm9rj
+ BmCijSH,ﬁh .
Using (1.12) and (4.1) in (4.13), we get
(4.14) B (gik Lin + gjn Lik — k/h) = AngrjRixn — AmriCisHin
+ tmrj (8] Gkn — 6k Gin) + KixnBmrj + BmCijsHip -
Using (1.9), (4.1) and (1.3a) in (4.14), we get
(4.15) Bn(gik Lin+ gjn Lixk —k/h) = An(Gix Lin + gjn Lixk —k/h) —
AnriCisHin + m(9ij9kn — 9kjGin) + KixnBmGrj + Bm (CijsHip) -
This shows that
(4.16) Bn(gik Lin + gjn Lik —k/h) = An(Gix Lin + gjn Lix — k/h)
+ Um(9ijgkn — 9kj9in)
if and only if
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(4.17) Kirkthgrj + Bm(CijsHIgh) = AmgrjcijsHlih'
Thus, we conclude

Theorem 4.2.In 3 — Like — G(BR) — RE, , the tensor ( gy Lin + gjn Lix — k/h)
is a generalized recurrent if and only if (4.17) holds good [provided (2.10) holds].
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